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Need to solve large dense algebraic systems

* Cholesky factorization, LU, QR, SVD, ...
* Complexity wall: O(N3) flops, O(N2) memory



Need to solve large dense algebraic systems

* Cholesky factorization, LU, QR, SVD, ...
* Complexity wall: O(N3) flops, O(N2) memory

Several ways to lower the complexity
* Off-diagonal low-rank representation
« Approximation, lead to O(N polylog(N)) time
* Randomized algorithms to find good bases
 Algebraic: randomized sketching
« Geometric: approx. nearest neighbors (e.g., randomized projection tree)



Approximation via off-diagonal low-rank compression

* Hierarchical matrices provide flexible ways to compress blocks of dense matrices
H-matrix, 7 2-matrix [Hackbusch 1999, et. al]
Special cases:
¢ HODLR (Hierarchically Off-Diagonal Low Rank)
¢ HSS (Hierarchically Semi-Separable)

* Direct solver complexity: N%polylog(N) (a<2)




Hierarchically Semi-Separable (HSS) Matrices

* Hierarchical = stored in binary trees (one for rows one for columns)
* Semi-separable = rank of off diagonal blocks is low

* Divide and conquer: divide the matrix into quarters top right and bottom left assumed to
be low rank (compressible)

* Recursively divide dense blocks
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HSS Construction Assumptions

* Assumption 1: Low rank off diagonal blocks uniformly bounded above by k (HSS rank)
o Every matrix has an HSS representation if we allow k be large

* Assumption 2: (Nested basis property) Basis for parent node uses bases of children
nodes
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HSS Construction Algorithm

* Partially matrix free: Only uses sketch of matrix and access to few entries

* Parallel implementation — traverses binary HSS tree in topological order (level by level)
* Parent corresponds to union of child rows

* Implementation in STRUMPACK C++ library



HSS Compression Algorithm

Rectangular boxed section is the region we are trying to compress at current level, then parent

level, then grandparent level

[1] Martinsson, Per-Gunnar. "A fast randomized algorithm for computing a hierarchically semiseparable representation of a %

matrix." SIAM Journal on Matrix Analysis and Applications 32.4 (2011): 1251-1274.



Sketching to find good bases (algebraic)

randomized projection, randomized sampling

Approximate range finder of A:
1. Pick random matrix Q,+p), k target rank, p small, e.g. 10
2. Sample matrix S = A Q (tall-skinny)
3. Compute Q = ON-basis(S) via rank-revealing QR sl<] A Q
Then, A = QQ*A

Py:=QQ" is the projection matix

Benefits: only need matvec, provable guarantees



Obtain off-diagonal sketch

1. Preprocessing: Draw a big sketch using global A s[<| A Q

2. Ateach level, subtract small sketches with diagonal blocks

ol =1 (e - O
[ ]
Row subset of S Small dense

multiplication



Faster sketching

* Gaussian i.i.d sketching still costly: O(mnp)

S| € A Q

* Improvement: Use structured Q to perform “matmul” faster

¢ Fast, or Sparse Johnson-Lindenstrauss transform (FJLT, SJLT)
[Daniel Kane, Jelani Nelson; arXiv:1012.1577]
[Nir Ailon, Bernard Chazelle; STOC’06]

¢ Subsampled randomized trig transform (SRTT), or Fourier transform (SRFT)
¢ Subsampled Hadamard transform (SRHT)
* Questions:
¢ Accuracy?
¢ Practical cost?
e How parallel?



Unified framework: Johnson-Lindenstrauss Lemma

Existence of good subspace embedding

Lind&nstraus

Given 0 < € < 1, a set X of m points in RY, and a number n > 81In(m)/e?,
there is a linear map f : RY — R" such that

1 -e)llu—ol* < [1f(w) = fF@I° < A +&)flu— |
for all u,v € X. oo G



JL Sketching Operator: (length preservation of a single vector)

Let D be a distribution over matrices of size dxn, amatrix R~Disa (n,d, §, e)-JL
sketching operator if for any vector x € R", it satisfies:

Pra—p|[IIRxII* = llx|I?| > ellx|I?] < &

¢ JL implies subspace embedding [\WWoodruff 2014]



Distributional JL family: drawn from certain distribution

R is of size dxn
Provided d is sufficiently large, they all satisfy JL sketching operator requirement

®* R~Gaussian(n,d), each entry i.i.d. normal distribution with mean 0, variance 1/d
[Dasgupta/Gupta 2003]

®* R~SRHT(n,d), R = DHP [Halko/Martinsson/Tropp, SIAM Review 2011]
* D: diagonal matrix, entries drawn from {41, —1} uniformly at random

* H: Hadamard matrix
* P: sample d coordinates from 7 uniformly at random

®* R~SJLT(n,d,a) [Cohen/Jayrram/Nelson 2018] (Sparse JL Transform)
R has a€[d] nonzero entries per row. The nonzero entries are drawn independently from
{1/Va, —1/Va} with equal probability



Theory: Range-finder bound for general JL sketching operator

[Y. Yaniv, O.A. Malik, P. Ghysels, X.L.; arXiv: 2302.01977, 2023]
The sketching contains accurate range infomation

Theorem 6 (Distributional JL implies Range-finder Bound). Suppose A € C"™*™ is a matriz and let

0 <7 <min(m,n) be the target rank. If R is a
(n,d, an) 15 )-JL sketching operator with €/12,6 € (0,1) and d = r +p with p > 0, then the following

holds with probability at least 1 — 9:

(2~ Py)Al < <\/ Lt (ﬂl_+)>> 7r41(4), (35)

where Y = AR.



Theory: Range-finder bound for special JL sketching operators

®* R~Gaussian(n,d) [HMT 2011]

CoroLLARY 10.9 (simplified deviatien beunds fer the spectral errer). Frame the
hypetheses of Theerem 10.5, and assume further that p > 4. Then

/5 8 k—}-p 1/2
I- P < [1+164f1 + —— —”( 2.) .
I Y>A|( +16y +p+1)0k+1+ T (i)

with failure prebdadility at mest 3e P,

®* R~SJLT(n,d,a) [Y.Yaniv, O.A. Malik, P. Ghysels, X.L.; arXiv: 2302.01977, 2023]

Theorem 9. Given matriv A € C™*" and a rank r < min(m,n). Fire, d € (0,1). If R ~ SILT(n,d, o)
with o = O(log®(r/8)/e), d = Q(rlog®(r/8)/e?) and Y = AR then

e?na 2d nao
: 1 o-(f)——). 11
1111X< T 0g 5 g (41)

1
1-¢)

I(T = Py)A|l < 07~+1(A)\/1 +

with probability 1 — 9.



Frobenius norm concentration bound for any JL sketching operator

* Theorem. [Y. Yaniv, O.A. Malik, P. Ghysels, X.L.; arXiv: 2302.01977, 2023]
Let A € R™ ", and ¢ 6 € (0,1). IfR* € R**" is a (n,d, §/m, €)-JL matrix, then
the following holds with probability at least 1 — §:

(1—-9)llAllF < llARIIF < (1 + 9)llAllZ

* Furthermore, we established the following stochastic relationship
between ||Allr and [|AR =S|Iz : E[ [ISIIZ ] = Al
(with proper scaling of JL operator R)

* Robust stopping criteria in adaptive sampling
e Absolute: [[(I —QQM)Allr = I —QQ)SlF < &q

I —QRMAllF _ U —QQDsI
Al N -

e Relative:



Sparse JLT is a highly structured random sparse matrix

* SJLT [Kane-Nelson 2014, Cohen-Jayram-Nelson 2018]

R~SJLT(n,d, a), matrix R of size nxd has a € [d] nonzero entries per row. The
nonzero entries are drawn independently from {1/+/a, —1/+/a} with equal probability

°* R= \/ia (B, — B_), B has entries in {0, 1}, B, and B_ stored in CRS/CCS compressed formats
Example: R~SJLT (4,3, 2) ( in practice we use SJLT(n, 256, 4) )

1 0 -1 1 0 O 0 0 1
211 -1 O V2| |1
1

0
0
1 0 1 0

0 1 1
0 1 0
0 0 O

* Sample «a positions per row (graph construction), OR, 1 position every d/a blocks (block
construction)



SJLT multiplication routine

STRUMPACK - A is stored in column major format
Outer product formulation

Binary matrix multiplication only require addition and subtraction of columns of A

Can rescale entire matrix at the end of operation

L R
— R‘Z: — "
ART = [A;, A, A, . = AR
| | : i=1
__ Rn: _

SJLT time: O(n? a) ; Gaussian sketching time: O(n? d)
Sketching AR only involves add/subtract; no multiplication



SJLT-sketching based HSS construction — Accuracy

* Compared to Gaussian sketching; with varying sparsity level, varying compr. tolerance

Frontal matrix
of 3D Poisson

Good for a > 4
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HSS rank
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SJLT-sketching based HSS construction — Serial runtime

* Compared to Gaussian sketching: up to 2.7x faster

Compr. tol.: &€ = 1072 e=10"* e=10"°
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SJLT-sketching based HSS construction — Distributed parallel runtime

* Advantages over Gaussian sketching

¢ Less work, no communication
* Sketching time up to 47x faster, total time up to 5.9x faster
* Sketching time is now a smaller fraction of total time

e Gaussian: >75% of total; SJLT-S(4): <10% of total
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Summary

New theory for general JL-sketching operator
¢ Range finder bounds
¢ Frobenius norm concentration bound

Software available in STRUMPACK
https://portal.nersc.gov/project/sparse/strumpack/ (Pieter Ghysels, et al.)

SJLT random sketching is much faster and uses less memory relative to Gaussians

Future will investigate sketching in HODLR and BLR formats


https://portal.nersc.gov/project/sparse/strumpack/

Thank You!

Questions?



