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Background :

* Designing an efficient multigrid method is non-trivial.

* The selection of algorithmic components plays a crucial role in determining its
efficiency.

 Many existing efforts leverage Al to optimise individual components, such as:
- Learning optimal multigrid smoothers via neural networks (Huang et al., 2023).
- Learning optimal prolongation operators using GNN (Luz et al., ICML 2020).
- Optimising coarsening schemes using reinforcement learning (Taghibakhshi et al., 2021).
- Learning optimal relaxation schemes and weights (Nytko., CMCIM 2024).

Complementary approach
Construct efficient multigrid cycles from a set of available multigrid components.

L



mailto:dinesh.parthasarathy@fau.de

Overview
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Motivation 4
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Genetic Programming — Primer
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Genetic Programming — Grammar Guided Approach

(Sh)

ITERATE((Cp ), @, (P)) | (u}, fa, A, A)
ITERATE(APPLY((By, ), {(cp)), @, (P))
ITERATE(COARSE-GRID-CORRECTION(IZhh, (S2n)), @, (P))
RESIDUAL(Ap, {(sp))

INVERSE(A} ) with A, = A7 + A7

RESIDUAL(Asy, (Sop))

COARSE-CYCLE(Azp, Usy, APPLY(Iih, (cn)))
ITERATE({Cy1, ), @, (P))

ITERATE(APPLY({Bsz ), (cop)), w, (P))
ITERATE(APPLY(I} 21 (ean)), @, A)

INVERSE(A,, ) with Ay, = A, + A,

APPLY(AZ,ll appLY(L,} o leon)))

PARTITIONING | A

(Schmitt et al., 2021)

Start with (.5, and replace expressions
until no (. ) remains

(Sp)

|

ITERATE(APPLY (D!, (c,)), w, })

|

ITERATE(APPLY(D!, RESIDUAL(A,, (s,)), », 1)

|

ITERATE(APPLY(D; !, RESIDUAL(A,, (0, f,. 1, 1)), w, J)

1 1teration of w-Jacobi

L

0


mailto:dinesh.parthasarathy@fau.de

Software 7

Solver Framework

Aypre-

|
|
|
|
|
:Run program to evaluate 1 A "Solve Phase ) Get fitness
I
|
|
|

Optimization Framework
1ses EvoStencils

Initialize a population of = = >OLVE
valid multhr]fd solvers g =) o — »Setup Phaset—»| individuals > g
using grammar rules. 5 @ || 1% batch of individuals.  { ) L 1=-b )
— O .
— ' Qﬂ
1 > ' B 3 4 ™ Q N <
Apply genetic operators ] ® oo | Run program to evaluate Solve Phase | Get fitness| &
to create Offspringso "3 8 : T >Setup Phasel» mleIdualS _a <Y
| | S 5 |2 batch of individuals. | J L bt1-2b | N
Continue, until Us = ~X
' termination criterion. § 4 | ' N
Select best individuals i | v A
. x %
for the next generation. A=l |
c = : g‘i
T (Bsb %' :Run program to evaluate [ ) (Solve Phase® Get fit 2\‘
Collect fitness of all individuals. @ 2 | . >Setup Phase|-»| individuals |~ S
n® batch ofindividuals. [ ) U (@-1)b—nb, | §
| -«

L



mailto:dinesh.parthasarathy@fau.de

Experimental Setup
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Problem 5

o €Uy + U, +u,=fIn L

u=0 on 0Q

* The system of equations is built using a standard 7-point stencil in a
unit cube.

e Stopping tolerance

Relative residual norm = 1078
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Optimization settings

Smoothers

Relaxation weights
Scaling factors
Coarsening strategy
Interpolation
Restriction

Coarse grid solver

AMG components

Gauss-Seidel forward, Evolutionary | (p+ A)

Gauss-Seidel backward, algorithm

‘(Jgio%i 5,02 . 19 Generations | 100

(0.1,0.15,0.2, .... 1.9) K )\(p C;'? ulation) ggg

HMIS algorithm (ofisprings)

Extended-+i Initial pop. | 2048

Interpolation transpose MPI processes | 64

Gaussian elimination Sorting alg. | NSGA-II
GP parameters
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Results
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Solver structure 18

()GSFwd @GSBwd () Jacobi
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Performance 14

(Solve Time (s), Number of Iterations) on a 100 x 100 x 100 grid

F=0, €=0.0 F=0, e=0.0001 [ f=1, e=0.001 | f=rand, e=0.001
V(2,1)|[(0.33, 10) (031, 10) |(0.32, 10) |(0.26, 8)
V(3.2)](0.36, 9 ) (0.30.8)  |(0.31,8) |(0.25.6)
V(3,3)(/(0.35, 8 ) (030, 7)  [(0.31,7) |(0.31, 6) o 1 d
G3P-1(0.27, 7 ) (0.22, 6 )  [(0.26, 7) |(0.19, 5) | |
G3P-21[(0.29, 10) (0.29, 10)  [(0.29, 10)  |(0.24, 8) ~ Ix — 1.2x
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Weak scaling 15
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Damping of fourier modes 16
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Damping of fourier modes 17

Histogram of Damping Factors

100
- 0.10
90 -
< 80-
0.08 )
0 70 -
©
@)
€ 60 - 56.7%
0.06 —
(0]
e
Q
(@)
0.04 e
-
Q
O
Q
(a
0.02
0.1%
G3P-1 000 0.02 0.04 0.06 0.08 0.10

Damping Factor

L



mailto:dinesh.parthasarathy@fau.de

Damping of fourier modes 18
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Damping of fourier modes 19

Histogram of Damping Factors
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Time-stepping problem



mailto:dinesh.parthasarathy@fau.de

Problem setup 21

* 3D radiation-diffusion application on Ares, a multiphysics code developed at
LLNL.

« AMG-PCG : 1 cycle of AMG per CG.

 Evolve AMG cycles for a system from a single timestep (512k unknowns, 8lvls.)
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Preconditioner structure 22
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Results

o ven | GP3

T(ms) CG lItrs. T(ms) CG lItrs.
=1 330 15 210 10
=2 270 12 240 11
1= 290 13 210 10
1= 290 12 230 11
1= 310 14 210 10
1=6 240 10 220 10
=7 300 13 210 10
1= 220 9 210 10
=9 320 14 210 10
t=10 220 9 200 9
2790ms 2150ms

~ 1.3X
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Conclusion o

 Optimal flexible cycles perform better compared to standard cycle types.
» 3D anisotropic: generalises well over problem variants and sizes.

 Time-stepping code: generalises well over multiple timesteps, when the
system matrix is perturbed.

 Produces fast solvers which are still interpretable (not a black-box algorithm).
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Future directions 25

* (Clever initialisation of starting population of solvers.
* Refine grammar during evolution.

 Extend the grammar rules : AMG setup, other solvers and preconditioners.

 Use the Pareto optimal solutions as data to train a ML model.
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Thank you for listening!
Questions?
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