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Krylov subspace methods
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Find 𝑣0: 𝐴0𝑣0 = 𝑓0 .

𝑣0,in ≈ 𝑣0



3

Poisson problem

−Δ𝑢 = 1 in Ω,  𝑢 = 0 on 𝜕Ω.

jump-1024 problem

−∇ ⋅ (𝑘 𝑥 ∇𝑢) = 1 in Ω,  𝑢 = 0 on 𝜕Ω.

Motivational experiment
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computed solution
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Discretization

Galerkin FEM – continuous piecewise linear functions

uniform refinement

6 levels

coarsest-level: 1.52E+03 DoF

finest level: 1.64E+06 DoF

V-cycle method V(1,1)

smoother: symmetric Gauss-Seidel method

solver: MATLAB backslash or CG

zero initial approximation

Motivational experiment

𝑥 − 𝑥 𝑛
𝐴
≤ 𝜃, 𝜃 = 10−4 or 𝜃 = 10−11
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Can we analytically describe 
how the choice of the
relative tolerance on the 
coarsest-level affects the 
convergence of the V-cycle 
method?

Can we define coarsest-level 
stopping criteria that would 
yield a computed V-cycle 
approximation „close“ to the 
V-cycle approximation which 
would be obtained by solving 
the coarsest-level problems 
exactly?



Setting

𝐴 - symmetric positive definite matrix

V-cycle method, 𝑅𝑗 = 𝑃𝑗
𝑇, 𝐴𝑗 = 𝑃𝑗

𝑇𝐴𝑃𝑗 , Galerkin condition

V-cycle with exact solver converges

6

Find 𝑥 : 𝐴𝑥 = 𝑏 .

𝑥prev 𝑥new

Find 𝑣0: 𝐴0𝑣0 = 𝑓0 .

𝑣0,in ≈ 𝑣0
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𝑆 𝐴0,𝐴: = max
𝑣∈ℝ𝑛0 ,𝑣≠0

𝑆𝑣 𝐴

𝑣 𝐴0
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Relative coarsest-level accuracy assumption

Let 𝛾 > 0 : 𝑣0 − 𝑣0,in 𝐴0
≤ 𝛾 ⋅ 𝑥 − 𝑥prev 𝐴

Result: 

𝑥 − 𝑥in
new

𝐴 ≤ 𝐸 𝐴 + 𝛾 ⋅ 𝑆 𝐴0,𝐴 𝑥 − 𝑥prev 𝐴
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Coarsest-level solver with relative residual tolerance

𝑓0 − 𝐴0𝑣0,in
𝑓0

≤ 𝜏

𝑥 − 𝑥in
new

𝐴 ≤ 𝐸 𝐴 + 𝜏 ⋅ 𝑇 ⋅ 𝑆 𝐴0,𝐴 ⋅ 𝐴 ⋅ 𝐴0
−1 𝑥 − 𝑥prev 𝐴
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Analysis

Find 𝑥 : 𝐴𝑥 = 𝑏 .

𝑥prev 𝑥new

Find 𝑣0: 𝐴0𝑣0 = 𝑓0 .

𝑣0,in ≈ 𝑣0

𝑥 − 𝑥in
new = 𝑥 − 𝑥ex

new + 𝑥ex
new − 𝑥in

new

= 𝐸 𝑥 − 𝑥prev + 𝑆(𝑣0 − 𝑣0,in)

𝑥 − 𝑥in
new

𝐴 ≤ 𝐸 𝐴 ⋅ 𝑥 − 𝑥prev 𝐴 + 𝑆 𝐴0,𝐴 ⋅ 𝑣0 − 𝑣0,in 𝐴0

Absolute coarsest-level accuracy assumption

Let 𝜖 > 0 : 𝑣0 − 𝑣0,in 𝐴0
≤ 𝜖

Result: 

𝑥ex
(𝑛)

−𝑥in
(𝑛)

𝐴
≤
𝜖 ⋅ 𝑆 𝐴0,𝐴

1 − 𝐸 𝐴
≤

𝜖

1 − 𝐸 𝐴

error on the
coarsest-level

error propagation
matrix of V-cycle with
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≤ 1
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ቊ
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New coarsest-level stopping criterion

Can we define coarsest-level stopping criteria that would yield a computed V-cycle 
approximation „close“ to the V-cycle approximation which would be obtained by solving the 
coarsest-level problems exactly?

Ingredients:

Upper bound on the error of the coarsest level solver 𝑣0 − 𝑣0,in 𝐴0
≤ 𝜂 𝑣0,in

Estimate of the convergence rate 𝐸 𝐴 ≤ 𝛼

Stop the coarsest-level solver when

𝜂 𝑣0,in

(1−𝛼)
≤ 𝜃,    where 𝜃 is a parameter chosen by the user. 

Then 𝑥ex
(𝑛)

−𝑥in
(𝑛)

𝐴
≤ 𝜃,

𝑥 −𝑥in
(𝑛)

𝐴
≤ 𝑥 −𝑥ex

𝑛

𝐴
+ 𝜃
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Stop the coarsest-level solver when

𝜂 𝑣0,in
(1 − 𝛼)

≤ 𝜃

𝐸 𝐴 < 𝛼 = 2/3

𝜃 = 10−4 or 10−11

(GR) Gauss-Radau bound
on A-norm of the error in CG 
[Meurant, Tichý2023]

Numerical Experiments
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1.00E-04 1.00E-11

Poisson problem, 6 levels jump-1024 problem, 6 levels

 condition number coarsest-level matrix 

6.48E+02 1.66E+05

finest level tolerance 𝜃 finest level tolerance 𝜃

1.00E-04 1.00E-11

𝜏



Conclusions

New approach for analyzing the effects of approximate coarsest-level solves on 
the convergence of multigrid V-cycle methods

New coarsest-level stopping strategy taylored to multigrid methods

Future work:

Algebraic multigrid methods

CG preconditioned by multigrid with inexact coarsest level solver
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