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PROBLEM

> solve Ax — b,

where A € R™" is indefinite and nonsymmetric, and x, b € R".
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> solve Ax — b,

PROBLEM

where A € R™" is indefinite and nonsymmetric, and x, b € R".

) Use:

) Iterative Krylov subspace solver FGMRES

) Preconditioning
) Mixed precision

) Question: can we do it in a backward stable way?
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RANGE PRECISION

Mixed precision framework
® Aims to reduce the cost and preserve suitable accuracy;

® Perform expensive/cheap computations in lower/higher precision.

Reviews: [Abdelfattah et al., 2021], [Higham and Mary, 2022]
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PRECONDITIONING
Ax =D
 Left-preconditioning M Ax = M 'b

] AM;'T= 0,

where X = MRX

VSBCBRESGRRE M AM; % = M b

where X = MRX




PRECONDITIONING
Ax=0b
_ M;'Ax = M;'b We consider

_ A M§1 ¥=b, ) Split-preconditioning case

where X = MRX

VSSRERGRG M 'AM % = M,

where X = MRX

2 General preconditioners M; and M,




FGMRES: MIXED PRECISION, SPLIT PRECONDITIONER

Set X, and tolerance ©

ro = M; (b — Ax) , S(l)lve |
B = lIrglls vy = ro/P M;"AMy; "X = M; b,
fork=12,... where X = Mpx
w=M;ls Arnoldi’s
fori=1,2,...,k method
hip = ViTW
w=w-—h;,v
end
Piv1 = Wl

Hy = 1l jh<icjrr1<<k
Zk = [Zl, ...,Zk]

Solution
X = Xo + 43y
else update
Vied =Wy Vier = v oo Vg
end
end

if |pey — Hyill < 2



FGMRES: MIXED PRECISION, SPLIT PRECONDITIONER

Set X, and tolerance ©

0 =M (0= Ax) -1 S—(l)[ve -1 Mixed precision
B =gl vy = ro/p M; AM; X = M, b, B
fork=12,... where X = Mpx (Unit roundoff)
5 = Mgy,
s =Az

Matvecs with A : u,

- Arnoldi’s

for i - 1’2’...,k methOd _
hi,k = viTw

w=w—%m
end

Applying My : up

- Working precision: u
if lpe, = Hiyll < <f

Solution
X = Xo + 43y
else update
Vied =Wy Vier = v oo Vg
end
end

P11 = W]l

Hy = {h; j}i<icjri<j<k
Zk = [Zl, ...,Zk]




Set X, and tolerance ©
ro = M; (b — Axy)
P = rolls vy = ro/p

for k =1,2,...
5 = Mg'v,

S=AZk

fori=1.2,...,k
_ T
hi,=v;w
w=w-—h;,v

end

P11 = W]l
H = {h; j}1<i<jsri<j<k
Zk = [Zl, ...,Zk]

if |pey — Hyill < 2

X = Xo + 4y
else

Virl = W/hk+1,k§ Vier = s oo Vel

end
end

Solve
M;'AMG ' = M b,

where X = Mpx

Arnoldi’s
method

Solution
update

FGMRES: MIXED PRECISION, SPLIT PRECONDITIONER

Analysis is based on Arioli, Duff, Gratton, and Pralet (2007),
and Arioli and Duff (2009)

Assumptions

> Constant M » throughout iterations

) Applying preconditioners (Vieublé, 2022)

fIM; W) = M w4+ AM w;,  |AM | < c(m)u Ey

Mg 'w) = Mg'w; + AMg w,,  |AMp ;| < c(n)ugEy ;

) Matvecs with /- .\ (Vieublé, 2022)
fIM;'Az) = (M + AM; )(A + AA)z,

~ MEIAZ] +.f]9
“"KWG‘M;;S(ﬂMWAJ+1h#QJNUWZR4”H%H’
M;'AAzZ| 1AM, ;Az]

UYL ;= B and u;y; i = B
T IME A |z T IME Az



Under some technical assumptions and if _ Theorem 2.1. Carson and D.
p = 1.3(n, O)|IMgll (ullZ ]l + ugll Egll) < 1, (2024)

then the residual for the left-preconditioned system is bounded as
i ) 1.3¢(n, k)
1M = ATl € ———=(E1 + ),

where
1 = (u T MLHELMLH) “Milb“a
Gy = (4 ugyy + upyy) M7 ANl (1 ZNIMR(E, — I + [IXoll) -



Under some technical assumptions and if
. Theorem 2.1, Carson and D.
p = 138, DI Mgl (ull Z ]l + ugll Egll) < 1, (2024)

then the residual for the left-preconditioned system is bounded as
o ~ 1.3¢(n, k)
1M — AR < =i + 6,

where

1 = (u T MLHELML”) HML_IbH,
Gy = (u+ ugyy + upyy) |M ANl (IZANIMRE, = Tl + 11Xl -

Corollary 2.2, Carson and D.
(2024)



BACKWARD ERROR BOUND

Under some technical assumptions and if _ Theorem 21. Carson and D.
p = 138, DI Mgl (ull Z ]l + ugll Egll) < 1, (2024)

then the residual for the left-preconditioned system is bounded as
1.3c(n, k) We expect (, to

1M (b — Axy)|| < —, (¢1 + &)s dominate

where

1 = (u T MLHELML”) HML_IbH,
Gy = (u+ ugyy + upyy) |M ANl (IZANIMRE, = Tl + 11Xl -

Corollary 2.2, Carson and D.
(2024)



BACKWARD ERROR BOUND

Under some technical assumptions and if _ Theorem 21. Carson and D.
p = 138, DI Mgl (ull Z ]l + ugll Egll) < 1, (2024)

then the residual for the left-preconditioned system is bounded as

» _ 1.3¢(n, k) We expect (, to
1M} (b —AXY| < —, (€1 + &), dominate
where
_ —l
G = (u+w lEM ) 1ML b, boint I
Cy = (u T UY T uLl//L) IM Al (HZkH [Mp(X; = Xl + H?_C()H) : u, and u; have to be

chosen carefully

Corollary 2.2, Carson and D.
(2024)




Matvecs with A : u,

Applying My : up

Working precision: u

Co = (u+ ugyy + ugy) IM Al (I ZHIMR(E = Tl + (1 %oll)

> u, is setsothat u, ~ u/y,

SETTING THE PRECISIONS

UpWA,; =

M; 1AAjzj

M7 1Az




Matvecs with A : u,

Applying My : up

Working precision: u

Co = (u+ ugyy + ugy) IM Al (I ZHIMR(E = Tl + (1 %oll)

> u, is setsothat u, ~ u/y,

> u; issetsothatu; ~ u,y,/y;

SETTING THE PRECISIONS

UpWA

Ui Y.

M; 1AA]-ZJ-

M7 1Az

M7 Al z;




SETTING THE PRECISIONS
DRG] <. = (- iy + ) I AT (1M~ 501+ 15

Matvecs with A : u,

Applying My, :  uy . M; 1AAjzj
) u, issetsothat u, ~ u/y, UsWy = A
Working precision: u L [ HZJ
> u; issetsothatu; ~ u,y,/y;
|AM; Az
1 o] J
. | Ex|| | Point lI: =
— ; —1
) Upis setso that HM§1H S Ug Up may be chosen | ML All HZj |

o -




LEFT-, SPLIT- OR RIGHT-PRECONDITIONING?

= (u+ ugpy + upyy ) IM7 AN (1%, — Xoll + [1%l)

Co = (u+ ugyy + ugyy ) 1M Al (I ZHIMRE = Tl + (1 %oll)

& = (u+ ugyy) AN (I Z Mg, — Xl + 1%l)



LEFT-, SPLIT- OR RIGHT-PRECONDITIONING?

& = (u+ ugyy + upyy) IMA|l (N1X = Toll + 11%l)

Co = (u+ ugyy + ugyy ) IM Al (IZHIM(E = Tl + (1 %oll)

& = (u+ wgyy) AN (NZHI Mg, — T+ 11%])
Aim

Small backward error Left-preconditioning with i/, and i, set to possibly high precisions



LEFT-, SPLIT- OR RIGHT-PRECONDITIONING?

Point lll:
choice of
preconditioning
) strategy depends on
Split-preconditioning C = (u+ ugpy + wpyy) [|M7AN (| Z [ Mg, — Xl + [1%]l)  application constraints
on the precisions

Left-preconditioning & = (u+ ugpy + upyy) IM7A (1%, = Zoll + 11%]l)

Right-preconditioning & = (u+ ugwy) AN (IZHIMR(E, — EI + 11%l)
Aim
Small backward error Left-preconditioning with i/, and i, set to possibly high precisions

Apply preconditioner in low

orecision Right-preconditioning, but be cautious of || Z ||



NUMERICS

> A = UDVis200 x 200, k(A) = 10°

> M; = L, Mp = Uand LU ~ A (computed to 4
digits of accuracy)

u= u, set to double

> Weset [, = | U |U||U"], then
IERII/| Mg || = 2048

and | E;ll/IM;']l < uz' holds for all 11, shown
here



Quad B3e-15 5e-15 6e-15 5e-15 [107

NUMERICS

Dense

Double 3e-15 5e-15 5e-15 be-15

Single

— ~ — 5
> A = UDVis200 x 200, k(A) = 10 ot 36:05 4605

> M, =L, M, = Uand LU ~ A (computed to 4 . Half  Single Double Quad

digits of accuracy) ug

? u = u, settodouble Quad 1e-16 1e-16 1e-16  1e-16

> WesetE, = |U~'||0|| U], then Double 1e-16  1e-16  1e-16  1e-16
IERII/IIMG | = 2048

and | E;ll/IM;']l < uz' holds for all 11, shown

8e-07 3e-07
here

Half Single Double Quad

YR




Quad 3e-12 2e-12 3e-12 2e-12

NUMERICS

Dense

Double 3e-12 2e-12 2e-12 3e-12

Single

> A = UDVis200 x 200, k(A) = 10°
Half 2e-02 1e-02

> M; = L, Mp = Uand LU ~ A (computed to 4

Half Single Double Quad
digits of accuracy)

u

:{
? u = u, settodouble Quad 1e-16 1e-16 1e-16  1e-16

> WesetE, = |U~'||0|| U], then Double 1e-16  1e-16  1e-16  1e-16
IERII/IIMG | = 2048

and | E;ll/IM;']l < uz' holds for all 11, shown

8e-07 3e-07
here

Half Single Double Quad

YR




NUMERICS Quac

—J

> A = UDVis200 x 200, k(A) = 10°

Dense

’ M, = L, Mp = Uand LU ~ A (computed to 4 Hali

digits of accuracy)

u= u, set to double
> Weset [, = | U |U||U"], then
IERI/N|Mg I = 2048

and | E;ll/IM;']l < uz' holds for all 11, shown
here

D)

41 34 34 34
41 34 35 34

34 35 35
44 34 35 35

Half Single Double Quad
YR

<5~ AII 7e-07

3e-12

3e-12

Half Single  Double
YR

p = 1.3¢(n, k)|| M| (MHZkH + MRHERH) <l

Quad

60

55

50

|45

140

35

10°



NUMERICS

o _

M, =LU
BE 3e-16 8e-17
Half Single  Double Quad
FE 1e-12 1e-12
Half Single  Double Quad
IC 34 34 34 34
Half Single  Double Quad

Ur

Hm'“’
Hm'm
200
Hmo

BE

FE

M,=LU
1e-16 1e-16 1e-16 1e-16
Half Single Double Quad
1e-12 2e-12 2e-12 3e-12
Half Single Double Quad
34 34 35
Half Single Double Quad

Up

Hm'm

J

0-10
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SUMMARY

We provide bounds for the normwise backward error of split-preconditioned FGMRES in
four precisions.

Roundoffs: Matvecs withA : u, Applying M, : u; Applying My, : up Working precision: u
Point lll:
Point I: Point Il: choice of
preconditioning
u, and u; have to be Up may be chosen strategy depends on
chosen carefully flexibly application constraints
on the precisions
CARSON, E., & DAUZICKAITE, I. (2024). THE STABILITY OF SPLIT- THANK Y I . . . .
PRECONDITIONED FGMRES IN FOUR PRECISIONS. Electronic ou dauzickaite@karlin.mff.cuni.cz

Transactions on Numerical Analysis, 60, 40-58.
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GMRES & FGMRES

Some existing stability results Roundoffs
Computing M; and/or My : u;

Normwise relative backward error: Matvecs with A

| 16— Ax|
min{e : (A + AA)x, = b+ Ab,||AA|| < €l||A]l,||Ab|| < €||b]|} =
- 1611 + [IA]llIx,

Un
Matvecs with M; : u;

Matvecs with My : up

Working precision: u

GMRES FGMRES

® Arioli et al (2007): NOT backward stable with ® Arioli et al (2007): backward stable with
* M, =1 M,= L ﬁZT, My = I, where LDLT~ Ais computed with static pivoting * M, =1 M,= L ﬁZT, My = I, where LDLT ~ Ais computed with static pivoting
o ® u

® cCarson and Higham (2017): backward stable with

® M=LU,Mr=1 whereLU ~ A ® Arioli and Duff (2009): backward stable with

® . =u =u A~ A~
A L ® M, =1, Mp,=LU, where L U =~ Ais computed in single precision

® Amestoy at al (2021): backward stable with

° M, = L f]\, My = I, where L f]\ ~ A is computed with roundoff Up

® uisdouble, i is double or single

® Uy, Uy =up, U

® Vieublé (2022; PhD thesis): backward stable with

® General M; with assumptions on matvec errors, My = I,

® uy, up,u




