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Solve 
 
 
where  is indefinite and nonsymmetric, and .


Restrictions:


Using an iterative Krylov subspace solver FGMRES


Using preconditioning


Using mixed precision


Question: can we do it in a backward/forward stable way?

A ∈ ℝn×n x, b ∈ ℝn

PROBLEM
Ax = b,
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Solve 
 
 
where  is indefinite and nonsymmetric, and .


Use:


Iterative Krylov subspace solver FGMRES


Preconditioning


Mixed precision


Question: can we do it in a backward stable way?

A ∈ ℝn×n x, b ∈ ℝn

PROBLEM
Ax = b,

∥b − Ax̄k∥
∥b∥ + ∥A∥∥x̄k∥

≤ ?



MIXED PRECISION
Sign Exponent Significand Range Roundoff 


u

IEEE fp128 

(Quadruple) 1 15 112

IEEE fp64 

(Double) 1 11 52
IEEE fp32

(Single) 1 8 23

IEEE fp16 

(Half) 1 5 10 10±5

10±38

10±308

10±4932

Low precision
available on
hardware

higher
performance

reduced
range

larger unit
roundoff 

 

• Aims to reduce the cost and preserve suitable accuracy;
• Perform expensive/cheap computations in lower/higher precision.

Reviews: [Abdelfattah et al., 2021], [Higham and Mary, 2022]

Mixed precision framework

BITS

RANGE PRECISION

1 × 10−34

1 × 10−16

6 × 10−8

5 × 10−4

5



PRECONDITIONING

Left-preconditioning

Split-preconditioning

Right-preconditioning

Ax = b
M−1

L Ax = M−1
L b

M−1
L AM−1

R x̃ = M−1
L b,

x̃ = MRxwhere

AM−1
R x̃ = b,

x̃ = MRxwhere



We consider


Split-preconditioning case


General preconditioners  and ML MR

PRECONDITIONING

Left-preconditioning

Split-preconditioning

Right-preconditioning

Ax = b
M−1

L Ax = M−1
L b

M−1
L AM−1

R x̃ = M−1
L b,

x̃ = MRxwhere

AM−1
R x̃ = b,

x̃ = MRxwhere



β = ∥r0∥; v1 = r0/β

zk = M−1
R vk

w = M−1
L s

for k = 1,2,…

for i = 1,2,…, k

w = w − hi,kvi
end

hk+1,k = ∥w∥
Hk = {hi, j}1≤i≤ j+1;1≤ j≤k

Zk = [z1, …, zk]

if ∥βe1 − Hkyk∥ ≤ τβ

xk = x0 + Zkyk

end

else
vk+1 = w/hk+1,k; Vk+1 = [v1, …, vk+1]

r0 = M−1
L (b − Ax0)

hi,k = vT
i w

yk = arg min
y

∥βe1 − Hky∥

end

Set x0 and tolerance τ

s = Azk

Solve 



where  

M−1
L AM−1

R x̃ = M−1
L b,

x̃ = MRx

Arnoldi’s

method

Least squares 
problem

Solution 
update
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Matvecs with 
A : uA

Applying 
ML : uL

Applying 
MR : uR

Working precision:  
u

Mixed precision
(Unit roundoff)



Constant  throughout iterations


Applying preconditioners (Vieublé, 2022)
 




Matvecs with  (Vieublé, 2022) 

 

        

where  

 

MR

fl(M−1
L wj) = M−1

L wj + ΔML,jwj, |ΔML,j| ≤ c(n)uLEL,j

f l(M−1
R wj) = M−1

R wj + ΔMR,jwj, |ΔMR,j| ≤ c(n)uRER,j

M−1
L A

fl(M−1
L Azj) = (M−1

L,j + ΔML,j)(A + ΔAj)zj

≈ M−1
L Azj + fj,

∥fj∥ ≤ (uAψA,j + uLψL,j)∥M−1
L A∥∥zj∥,

uAψA,j =
∥M−1

L ΔAjzj∥
∥M−1

L A∥∥zj∥
 and uLψL,j =

∥ΔML,jAzj∥
∥M−1

L A∥∥zj∥
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L b,

x̃ = MRx

Arnoldi’s
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FGMRES: MIXED PRECISION, SPLIT PRECONDITIONER
Analysis is based on Arioli, Duff, Gratton, and Pralet (2007), 

and Arioli and Duff (2009)

Assumptions



BACKWARD ERROR BOUND
Under some technical assumptions and if


  


then the residual for the left-preconditioned system is bounded as





where 








ρ = 1.3c̃(n, k)∥MR∥ (u∥Z̄k∥ + uR∥ER∥) < 1,

∥M−1
L (b − Ax̄k)∥ ≤

1.3c(n, k)
1 − ρ

(ζ1 + ζ2),

ζ1 = (u + uL∥ELML∥) ∥M−1
L b∥,

ζ2 = (u + uAψA + uLψL) ∥M−1
L A∥ (∥Z̄k∥∥MR(x̄k − x̄0)∥ + ∥x̄0∥) .

Theorem 2.1, Carson and D.

(2024)
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ζ2
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We expect  to 
dominate

ζ2

Point I:

 and  have to be 

chosen carefully
uA uL



SETTING THE PRECISIONS
ζ2 = (u + uAψA + uLψL) ∥M−1

L A∥ (∥Z̄k∥∥MR(x̄k − x̄0)∥ + ∥x̄0∥)

uAψA,j =
∥M−1

L ΔAjzj∥
∥M−1

L A∥∥zj∥

Driven by ,

Vieublé (2022)

κ(ML)

 is set so that  uA uA ≈ u/ψA

Matvecs with 
A : uA

Applying 
ML : uL

Applying 
MR : uR

Working precision:  
u



SETTING THE PRECISIONS
ζ2 = (u + uAψA + uLψL) ∥M−1

L A∥ (∥Z̄k∥∥MR(x̄k − x̄0)∥ + ∥x̄0∥)

uAψA,j =
∥M−1

L ΔAjzj∥
∥M−1

L A∥∥zj∥

uLψL,j =
∥ΔML,jAzj∥
∥M−1

L A∥∥zj∥

 is likely,

Vieublé (2022)


ψL ≤ ψA

 is set so that  uA uA ≈ u/ψA

 is set so that uL uL ≈ uAψA/ψL

Matvecs with 
A : uA

Applying 
ML : uL

Applying 
MR : uR

Working precision:  
u

Driven by ,

Vieublé (2022)

κ(ML)



 is set so that  uR
∥ER∥

∥M−1
R ∥

≤ u−1
R

SETTING THE PRECISIONS
ζ2 = (u + uAψA + uLψL) ∥M−1

L A∥ (∥Z̄k∥∥MR(x̄k − x̄0)∥ + ∥x̄0∥)

uAψA,j =
∥M−1

L ΔAjzj∥
∥M−1

L A∥∥zj∥

uLψL,j =
∥ΔML,jAzj∥
∥M−1

L A∥∥zj∥
Point II:


 may be chosen 
flexibly

uR

 is set so that  uA uA ≈ u/ψA

 is set so that uL uL ≈ uAψA/ψL

Matvecs with 
A : uA

Applying 
ML : uL

Applying 
MR : uR

Working precision:  
u

Driven by ,

Vieublé (2022)

κ(ML)

 is likely,

Vieublé (2022)


ψL ≤ ψA



LEFT-, SPLIT- OR RIGHT-PRECONDITIONING?

Left-preconditioning ζ2 = (u + uAψA + uLψL) ∥M−1
L A∥ (∥x̄k − x̄0∥ + ∥x̄0∥)

Split-preconditioning ζ2 = (u + uAψA + uLψL) ∥M−1
L A∥ (∥Z̄k∥∥MR(x̄k − x̄0)∥ + ∥x̄0∥)

Right-preconditioning ζ2 = (u + uAψA) ∥A∥ (∥Z̄k∥∥MR(x̄k − x̄0)∥ + ∥x̄0∥)
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small backward error Left-preconditioning with  and set to possibly high  precisionsuA uL

Aim

Small backward error



LEFT-, SPLIT- OR RIGHT-PRECONDITIONING?

Left-preconditioning ζ2 = (u + uAψA + uLψL) ∥M−1
L A∥ (∥x̄k − x̄0∥ + ∥x̄0∥)

Split-preconditioning ζ2 = (u + uAψA + uLψL) ∥M−1
L A∥ (∥Z̄k∥∥MR(x̄k − x̄0)∥ + ∥x̄0∥)

Right-preconditioning ζ2 = (u + uAψA) ∥A∥ (∥Z̄k∥∥MR(x̄k − x̄0)∥ + ∥x̄0∥)

Small backward error Left-preconditioning with  and set to possibly high  precisionsuA uL

Apply preconditioner in low 
precision

Aim

Right-preconditioning, but be cautious of ∥Z̄k∥

Point III: 

choice of 

preconditioning 
strategy depends on 

application constraints 
on the precisions


Aim

Small backward error Left-preconditioning with  and set to possibly high  precisionsuA uL



NUMERICS
Dense

 is , 


 and  (computed to 4 
digits of accuracy)


 set to double


We set ,  then  
 
 
and                                           holds for all  shown 
here

A = UDV 200 × 200 κ(A) = 105

ML = L̂, MR = Û L̂Û ≈ A

u = uA

ER = | Û−1 | | Û | | Û−1 |

uR

∥ER∥/∥M−1
R ∥ = 2048

∥ER∥/∥M−1
R ∥ ≤ u−1

R

Split-preconditioning



NUMERICS

 is , 


 and  (computed to 4 
digits of accuracy)


 set to double


We set ,  then  
 
 
and                                           holds for all  shown 
here

A = UDV 200 × 200 κ(A) = 105

ML = L̂, MR = Û L̂Û ≈ A

u = uA

ER = | Û−1 | | Û | | Û−1 |

uR

Dense

Half Single Double Quad
uR

Quad

Double

Single

Half

u L

1e-16

1e-16

2e-10

1e-16

1e-16

9e-11

1e-16

1e-16

1e-10

1e-16

1e-16

1e-10

2e-06 8e-07 8e-07 8e-07 10-15

10-10

BE

Half Single Double Quad
uR

Quad

Double

Single

Half

u L

3e-15

3e-15

1e-08

5e-15

5e-15

3e-09

6e-15

5e-15

3e-09

5e-15

6e-15

3e-09

1e-04 3e-05 4e-05 4e-05

10-10

10-5

Bound

Split-preconditioning

∥ER∥/∥M−1
R ∥ = 2048

∥ER∥/∥M−1
R ∥ ≤ u−1

R



NUMERICS
Dense

Half Single Double Quad
uR

Quad

Double

Single

Half

u L

1e-16

1e-16

2e-10

1e-16

1e-16

9e-11

1e-16

1e-16

1e-10

1e-16

1e-16

1e-10

2e-06 8e-07 8e-07 8e-07 10-15

10-10

BE

Half Single Double Quad
uR

Quad

Double

Single

Half

u L

3e-12

3e-12

4e-06

2e-12

2e-12

2e-06

3e-12

2e-12

3e-06

2e-12

3e-12

3e-06

5e-02 2e-02 1e-02 1e-02 10-10

10-5

FE

Split-preconditioning

 is , 


 and  (computed to 4 
digits of accuracy)


 set to double


We set ,  then  
 
 
and                                           holds for all  shown 
here

A = UDV 200 × 200 κ(A) = 105

ML = L̂, MR = Û L̂Û ≈ A

u = uA

ER = | Û−1 | | Û | | Û−1 |

uR

∥ER∥/∥M−1
R ∥ = 2048

∥ER∥/∥M−1
R ∥ ≤ u−1

R



NUMERICS
Dense

Half Single Double Quad
uR

Quad

Double

Single

Half

u L

41

41

44

34

34

34

34

34

35

35

35

34

34

35

35

61

35

40

45

50

55

60

Iterations

Half Single Double Quad
uR

Allu L 7e-07 3e-12 3e-125e+01
100

ρ

ρ = 1.3c̃(n, k)∥MR∥ (u∥Z̄k∥ + uR∥ER∥) < 1

Split-preconditioning

 is , 


 and  (computed to 4 
digits of accuracy)


 set to double


We set ,  then  
 
 
and                                           holds for all  shown 
here

A = UDV 200 × 200 κ(A) = 105

ML = L̂, MR = Û L̂Û ≈ A

u = uA

ER = | Û−1 | | Û | | Û−1 |

uR

∥ER∥/∥M−1
R ∥ = 2048

∥ER∥/∥M−1
R ∥ ≤ u−1

R



NUMERICS
Dense

Left-preconditioning Right-preconditioning

Half Single Double Quad

BE 3e-07 3e-16 8e-171e-03 10-10

Half Single Double Quad

FE 8e-06 1e-12 1e-129e-02
10-10

Half Single Double Quad

IC 34 34 34 34 100
200

Half Single Double Quad

BE 1e-16 1e-16 1e-16 1e-16 10-10

Half Single Double Quad

FE 1e-12 2e-12 2e-12 3e-12
10-10

Half Single Double Quad

IC 34 34 35200
50
100
150

ML = L̂Û MR = L̂Û

uL uR



We provide bounds for the normwise backward error of split-preconditioned FGMRES in 
four precisions.

SUMMARY

Point I:

 and  have to be 

chosen carefully
uA uL

Point II:

 may be chosen 

flexibly
uR

Point III: 

choice of 

preconditioning 
strategy depends on 

application constraints 
on the precisions


Matvecs with 
A : uA Applying 
ML : uL Applying 
MR : uR Working precision: u Roundoffs:
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Roundoffs

Computing 


Matvecs with 

Matvecs with 

Matvecs with 

Working precision: 


ML and/or MR : uf

A : uA
ML : uL
MR : uR

u

Some existing stability results

• Arioli et al (2007): NOT backward stable with


•   where  is computed with static pivoting


• 


• Carson and Higham (2017): backward stable with


•    where 


• 


• Amestoy at al (2021): backward stable with


•   where  is computed with roundoff 


• 


• Vieublé (2022; PhD thesis): backward stable with


• General  with assumptions on matvec errors, 


• 


• Arioli et al (2007):  backward stable with


•   where  is computed with static pivoting


• 


• Arioli and Duff (2009): backward stable with


•   where  is computed in single precision


•  is double,  is double or single


ML = I, MR = ̂L ̂D ̂LT, MR = I, ̂L ̂D ̂LT ≈ A

u

ML = ̂L ̂U , MR = I, ̂L ̂U ≈ A

uA = uL = u2

ML = ̂L ̂U , MR = I, ̂L ̂U ≈ A uf

uf , uA = uL, u

ML MR = I,

uA, uL, u

ML = I, MR = ̂L ̂D ̂LT, MR = I, ̂L ̂D ̂LT ≈ A

u

ML = I, MR = ̂L ̂U , ̂L ̂U ≈ A

u uR

GMRES & FGMRES
Normwise relative backward error: 

 min{ϵ : (A + ΔA)xk = b + Δb,∥ΔA∥ ≤ ϵ∥A∥,∥Δb∥ ≤ ϵ∥b∥} =
∥b − Axk∥

∥b∥ + ∥A∥∥xk∥

GMRES FGMRES

Solve 



where  

M−1
L AM−1

R x̃ = M−1
L b,

x̃ = MRx


